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Abstract 

We show that the higher order derivative a' corrections to the DBI and 
Chern-Simon action is derived from non-commutativity in the Seiberg-Witten 



limit, and is shown to agree with Wyllard's ( hep-th/0008125 ) result, as conjec- 



tured by Das et al., ( hep-th /0 106024 ) . In calculating the corrections, we have 



expressed F in terms F, A in terms of A up to order 0(A S ), and made use of 
it. 



1 Introduction 



There are several interesting developments has taken place in recent years, one of 
them is non-commutativity in position coordinates. In string theory, if we take a Dp 
brane in a flat background metric gij and suspend it in a constant second rank an- 
tisymmetric tensor Bij field background, then one realizes a non-commutative string 
theory 0, i-6. the ends of the open string that ends on Dp brane satisfy the follow- 
ing non-commutative algebra, [X^X 7 ] = Where X tJ s are the coordinate of the 
open string, and 9^ is a function of the g^, -8^0, the background fields. 

In string theory with the above mentioned background, we know that there exists 
two different kind of descriptions, namely, commutative and non- commutative theory. 
These different kind of theories arises depending on the kind of regular isat ion schemes 
that we adopt. This can be seen as: the interaction of the gauge field with the string 
world sheet is gauge invariant, under the gauge transformation 5Ai = d{X, at the tree 
as well as the loop level in the Pauli-Villar regularisation scheme. If we shall adopt 
the Point-Splitting regularisation scheme instead of the Pauli-Villar regularisation 
scheme then the above mentioned interaction is gauge invariant only if the form of 
the gauge transformation is S^Ai = di\ + Aj]* f2j. Moreover, it is well-known 
that, in quantum field theory, different regularisation schemes do not yield different 
S-matrix elements, also, the S-matrix element is unchanged under field redefinition 
in the effective action. Although, we are dealing with two seemingly different kind of 
descriptions but actually they are equivalent as discussed in 0, which can be realized 
by the well-known Seiberg-Witten map, and it implies that the actions described by 
the above two descriptions are related up to total derivative modulo field redefinition, 
i.e. S — S = Total derivative +0(dF), in the DBI approximation. So, these two ways 
of describing the same theory can be written in a more general way]2|, |3|, in which 
the parameters of the open string, g, B, g s , and closed strings, G, 9, G s , are related 
as, 

1 _ 1 9 

g + 2ita'B ~ G + 2na'<$> + 2na 

det(G + 2na'<5>) 

det(g + 2na'B) ^ ' ' 

Where $ is a two form. This way of describing the theory is useful in the sense 
that one can describe the commutative and non-commutative theory at one stroke. 
Throughout our calculations we shall deal with the matrix model description, namely, 
$ = —B, 9 = jj, the value of G s and G can be determined from the above equation. 

To find the gauge invariant coupling of the bulk modes with the gauge fields one 



G s = g t 
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needs to introduce Wilson lines 0. The Wilson line is denned as: 

W{x, C) = fte'/o^^W (1.2) 

Where £*(cr) = @^kj<j, i.e. a straight Wilson line C, and P* is the path ordering 
with respect to * product, and A\ is the gauge potential in non- commutative space. 
In passing, we should mention that comparison between the R-R couplings in differ- 
ent descriptions yields the Seiberg-Witten map and the other topological identities |||]. 

We know that the low energy limits of the string theory on the brane is described 
by an effective theory in the a — > limit of the string theory and the effective action 
has two parts, DBI and Chern-Simon actions. When a 7^ then one expects to have 
a corrections to the action, and these corrections might be useful in the study of 
dualities. 

In this paper, we shall verify the conjecture made by Das et al., that the deriva- 
tive corrections to the Chern-Simon and the DBI action can be derived from non- 
commutativity. 

Recently, it has been conjecturedjK]] that derivative corrections to DBI and Chern- 
Simon action can be found from non-commutativity, and the calculation has already 
been done to check it, to some order in F. In this report, we have not only extended 
this calculation but have presented the form of the Seiberg-Witten map to 0(A 3 ), 
namely, we have expressed F in terms of F and A in terms of A to order A 3 . We 
should mention en passant that it's important to know the Seiberg-Witten map, be- 
cause the non-commutative action is written in non-commutative variables, F and A, 
but to make a comparison with ||, we have to express all the terms in commutative 
variables i.e. in terms of F and A. 

As we shall try to check this conjecture by calculating the 4-derivative correc- 
tions to the F 3 term for DBI action and 4-form 4-derivative corrections at F 4 , 6-form 
4-derivative corrections at F A , 8-form 8-derivative corrections at F A to the Chern- 
Simon action. Since Das et al., has already derived the 4-derivative corrections at 
F 2 to DBI action and 4-form 4-derivative corrections at F 3 , 6-form 6-derivative cor- 
rections at F 3 , and 8-form 8-derivative corrections at F A to the Chern-Simon action. 
Evaluating the derivative corrections to Chern-Simon and DBI action, calculated by 
Wyllard||, in the Seiberg-Witten limit shows an agreement of result coming from 
non- commut at ivity. 

The plan of the paper is as follows: In section 2, we shall calculate the 4-derivative 
corrections at F 3 along with the 4-derivative corrections at F 2 to DBI action, and 
in section 3, we shall calculate the derivative corrections to Chern-Simon action, and 
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conclude in section 4. We shall derive the Seiberg-Witten map and the kernels of the 
* n product of n functions in position space in appendix A and B respectively. 

2 Corrections to the DBI action 

The correction to the DBI action, has been calculated M using boundary state tech- 
nique, and it is: 



Sdbi = - J \jdet{g + 2na'(B + F))[l + ^^(-h»h kl h mn h^S npjk S qmli 

+lti j h kl S jk S u )} (2.3) 



Where S npjk = d n d p F jk + 2.2ira h rs d n F jr d p F ks and S jk = h mn S jkmn , and h l ° = 
( g +2-n-J(B+F) ^~ ll ' > anc ^ ^ § * s ^ e determinant of matrix g^. 

Note: We shall use Sij and a two form Sy in this paper and they are not same, will 
be defined later. Writing the square-root of the determinant as, 



det(g + 2na'(B + F)) = y det(g + 2na'B)^det(l + 2im'NF) (2.4) 

Where N is defined in eq. ( [2.10|) . Let's evaluate the above action in the Seiberg- 
Witten limit, where the Seiberg-Witten limit is defined in eq.( ^8|) . Using 2ita h\sw — 
(1 + 9F)~ 1 9, and keeping terms to order A 3 , we get: 

S D bi\sw = J \]det{g + 2-kol ' B)[e ij B kl B mn 9 m {d n d p F jk d q d m F u 

-^dkF^dAFp,} - 9^9 kl 9 mn 9 pq 9 rs {2F sq d n d p F 3k d r d m F u 
FsqdjO k F mn OiOiF pr -\- 2F s i3 n d p Fj k 3q3 m F r i F s iOjO k F mn d r OiF P q 

^9 n d p Fj k 0qFi r d m Fi S -\- 2dj9 k F mn 9iF pr 9iFq S -\- —F rs n p Fj k d q d m Fn 
— ~;F rs djd k F mn didiF pq }] (2.5) 



We obtain this equation by expanding eq.([2.3[) and keeping terms up to 4-derivatives 
in F 3 in Seiberg-Witten limit. The sources of getting F 3 terms are: from product of 
two S's, from the 2ira h with two S's and from the determinant factor with two S's 
from eq.( [2.3|) . There could be more terms in the derivative corrections to the DBI 
action which contributes to the 4-derivatives in F 3 , e.g. the terms with 6 h's and 3 
S's have F 3 terms in it, but the number of #'s that appear in the Seiberg-Witten limit 
are different. So, we are interested only in the situation, where we have maximum 
of 5 #'s and 4-derivative in F 3 . Now, let us check that this derivative corrections 
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can also be derived from non-commutativity, as conjectured by Das et. al. The DBI 
action in the commutative and non-commutative theory arej7|: 

Sdbi = T 9 J ^det(g + 2ira'(B + F)) (2.6) 

Sdbi = T 9 J L*l^^det(g + 2na'Q-±)W(x,C)} * e ik - x (2.7) 

Where W(x,C) is a straight open Wilson line with momentum k as defined in eq. 
(1.2). L* is defined as smearing the operators along the Wilson and taking the path 
ordering with resp ect to * product. Q ij = (9 - 9F9) ij , Q' 1 = 9~ l + F(l - 9F)- 1 , 
and Pf9 = Vdet9- 

Here, we are dealing with a space-filling brane, to avoid the appearance of scalars 
through pull-back. The Seiberg-Witten limit is defined as, 



a 



\[e — > 0, ~ e — > 0, holding Gij, Bij, G s fixed. (2.8) 



The prescription to find the derivative corrections to the DBI (and Chern-Simon 
action) is to evaluate the difference between the DBI action in non-commutative and 
commutative theory in the Seiberg-Witten limit, S dbi\sw ~ S dbi\sw ■ Note, eq.( |2.7|) is 
in momentum space, but we shall do all the calculations in position space throughout 
the paper. The tension of the space filling brane is Tg ~ — . Hence Eq. (|2.6|) can be 
written as 

— f y/det(g + 27ra'B)^det(l + 2ira'NF) (2.9) 
where N is defined as: 

N " s <idbs>" = £s + <ctW' (210) 



v " \ sw ■ 

eq.( |2.6| ) in this limit becomes, 



In the Seiberg-Witten limit, iV^'Lcw — > z, — r- Hence, the commutative DBI action 

1 2-7TO 7 



— f ^det(g + 2ira'B)^/det(l + 9F) (2.11) 
9s J 

Where as the corresponding non- commutative DBI action eq. ( |2.7| ) can be rewritten 
as: 



— ( L,[y/det(l - 9F)yJdet(g + 2na'B)Jdet(l + 2na'NF — l —)W{x, C)\ * e ik ' x 
9s J V 1 — 9F 

(2.12) 

In the Seiberg-Witten limit this non-commutative DBI action becomes, 

- / L*ydet(g + 2ira'B)W{x,C)] * e ik ' x (2.13) 
9 s J 
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Therefore, in order to find the derivative corrections we have to find the difference 
between eq. (|2.13| ) and eq.( 2.11 ). But its not easy to find the difference, since one of 
the equation is written using non-commutative variables where as the other one is in 
commutative variables. In order to find the difference we shall use the Seiberg-Witten 
map, to convert the non-commutative variables into its commutative form. 

Eq.( |2.11| ) can be written up to 0(A 3 ), as 

SdbAsw = - f yj det(g + 2™' B)[l + \tr{9F) - -tr{9F) 2 + \{tr{9F)f 
g s J Z 4 o 

+ \tr{9Ff - hr(9F)tr(9F) 2 + ^-(tr(9F)) 3 ] (2.14) 
6 o 4o 

Rearranging the terms, we get: 

Sdbi\sw = - / \Jdet{g + 2na' B)[l - 9^8^ - (d.A^A, - 8^8^ 
9s •> ^ 

Qij Qkl Qmn 

-diAfiuAi) + {2d ] A k d l A m d n A % - 28^8^8^ - 28 k A j 8 l A m 8 n A l 

+-{28 i A j 8iA m d n A k - 28^8^8^} - diA^A^A^} (2.15) 

On expanding the equation( |2.13| ) to the order we are interested in, to 0(A 3 ), we get: 

SdbAsw = - / yjdet(g + 27ra'B)[l + 9 ij 8 j A i + ^8 ij 9 kl d j d l (A i ,A k ) 
g s J z 

+~9 i i9 kl 9 mn d j 8 l d n {A i , A k , A m )\ (2.16) 

Substituting the Seiberg-Witten map of the potential^ into the above equation gives 
us a large number of terms, we shall divide them according to the power of Ai. Then, 
we shall find the difference between the commutative and non-commutative action to 
different order in Ai. 

SdbAsw ~ Sdbi\sw to order A 2 . 

The non-commutative, and commutative DBI action to the order we are working in 
is: 

1 r i 9 ij 9 kl 

SdbAsw = -] ^det(g + 2na'B) [1 + 9 lJ 8 j A i - —{(8^, 8^) - (d s A k , 8^) 

-(djAiAAk)}] 

1 r i 9 ij 9 kl 

SdbAsw = -J \Jdet(g + 2na' B)[l - 9 %3 8 % A 3 - ——{d^M - djA^A 

-diAjdtAi)] (2.17) 



lr The Seiberg-Witten map is given in Appendix A 
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and the difference between them is : 

Y r 9^9^ 1 1 

Sdbi\sw ~ S DB i\sw = — J ydet(g + 2ixa B){ — {-(F jk ,F H }--F jk F H 

-l(F^F kl ) + - A F %J F kl } (2.18) 

Substituting the expression of (/, g) in the above equation, we get to 8-derivative in 
the field strength, F, as: 

1 r i 9^9 kl mn 0Pi 

Sdbi\sw ~ S DB i\sw = — J ydet(g + 2na' B)[ — { ^ (d m d p F jk d n d q F u 

j Qmn Qpq Qrs Quv 

— 7: dm dp Fi j d n d q F k i) H — — ( d m d p d r d u Fj k d n d q d s d v F K 

Z oo4U 

-^d m d p d r d u F i: jd n d q d s d v F kl )}} (2.19) 
The difference between these two actions at the next order, at Af is: 

1 r j QijQklQmnQpqQrs 

SdbiIsw ~ S D bi\sw = — J \Jdet(g + 2na B)[ — 

{~^dpd r Fj k d q 3 s Fi m F n i -\- —dpQ r Fijd q d s Fi rri F nk -\- —Fijdpd T Fi m Q q d s F nk 

Z 4 o 

~^~^dpd r F t jd q 3 s F k iF mn -^Fp m d r d n Fi k d q d s Fji -\- —OpFi m O r F nk d q O s Fij 
+-xF pk d q d s Fj m did r F ni — d p F k jd r F m id q d s F in }] (2.20) 



We can see that the equation ( |2.5| ) is same as the corrections that we found from 
non-commutativity, namely, the sum of equation (|2.19|) and equation (|2.20|) , up to 
4-derivative in F 3 . 



3 Corrections to the Chern-Simon action 

The Chern-Simon action in two different descriptions, namely in the 9 = 0, $ = B 
and $ = —B, 9 — -g, are as follows]?]]: 

Scs = ~ / E C(n) A e 2 ™' (B+F) (3.21) 

Qs J n 



S CS = - f e lk - x * A e 27ra ' Q "V(x ; C)] (3.22) 

9s •> Fjo n 

The Non-commutative Chern-Simon action is written in momentum space, but 
while calculating the difference between the above two action, we shall do so in 
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position space. To make comparison with the results of Q, we shall parametrise the 
Chern-Simon action with correction as follows: 

S CS = - /*£ ° (n) A e 2 ™' (B+F) A e£l=* w ™ (3.23) 

9s •> n 

Where Y\?2k is a 2k form and function of derivatives of field strength and 2na (B + F). 



As has been pointed out in ||10|| , the W's that we shall use are not exactly same as 
the W's of f9j, e.g. the W 8 of |§ is W 8 + \W± A >V 4 of ours. For completeness, we 
shall mention the W's that we shall use to calculate the corrections, and they are: 



(2na y 8tc 2 



W 6 = — ^ = (2Tra') 3 ^h ij h kl h mn S lm A S jk A S ni 
m = J^T = (27r a y^/ 1 '^ fc '/ 1 m "^S np AS im AS jfc AS gi (3.24) 
Where the Sjj is a two form and defined as 



1 

2 



= -Sijabdx a A dx 6 , iuit/i 



S^ a6 = d i d J F ab + 2.2irah kl d i F ak d J F bl (3.25) 

and £(n) are the Riemann-Zeta functions. The matching of results will be done only 
in the Seiberg-Witten limit. 

In our study of derivative corrections, we shall deal with IIB string theory, mainly 
with a D9 brane, and consider the interaction of this brane with even R-R form 
potentials. 

Interaction with C^: 



The difference between the two actions ( |3.21|) and (|3.22|) for this case gives rise to a 
topological identity, which is[|]: 

5{k) = J dxL*[y/det{l-9F)W{x,C)] * e lk - x (3.26) 

Interaction with C^: 



On finding the difference here, between ( 3.21 ) and (|3.22|) gives us the Seiberg-Witten 
mapl,i. 

F{k) = J dxL*[yJdet(l-eP)F(l - 6F)- x W{x,C)\ * e lk - x (3.27) 
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Interaction with C^: 

We shall do the comparison with || to the derivative corrections in the Seiberg- 
Witten limit. As we know a D9-brane can interact with a R-R potential through 
(B + F) A (B + F), the commutative and non-commutative Chern-Simon actions, in 
this case, are: 

Scs = ^- J L *lyj$ Ci6) A ^a'Q- 1 A 2na'Q- 1 W(x,C)} * e*-* 

S CS = — / C {6) A2na'(B + F) A2ira'(B + F) (3.28) 
2g s J 

The difference between these two actions, in position space, to order 0(A A ) is: 
^S cs 



AS CS = 



(2nay 8g. 



- J C^[(F ab , F cd ) + 29^(F ab , F cl , F jd ) + \q %3 (F tJ 



6 l3 dj(F a b, F cd} Ai) + 6 %3 6 (2(F ao , F ci , F jk , F ld ) + (F ai , F jb , F ck , F td ) + (F\j, F ab , F ck , F w ) + 
o(Ftj, Fki, F a b, Fed) — -(Fjk, Fu, F a b, Fed) + -^djdi(F a b, Fed, A\, A k ) + 2dj(F a b, F c k, Fid, Ai) + 

o 4 Z 

-dj (F M , F ab , Fed, A)) - F ab Fed]dx a A dx b A dx c A dx d (3.29) 

On substituting the Seiberg-Witten map0, i^y in terms of and A\ in terms of A^ 
in the above equation, we get to 0(A 3 ) as: 

AScS = ^~ [ C (6) A [(Fab, Fed) ~ FabFcd 

8g s J 

—29 mn {(F a b, (A m , d n F c d)) + (F a b, (F cm , F nd )) — (F a b, F cm , F nd ) — (F a b, d n F cd , An)}] 
dx a A dx b A dx c A dx d (3.30) 

Where (in general) the expression (/, (g, h)^ 2 )*2 is written as (/, (g, h)) and (/, g, h)^ 
as (f,g,h) to avoid clumsiness^. On substituting the expression for * 2 , *2 within * 2 
and for * 3 into the above equation, we get: 

i „ nij nkl nijnklnmn 

AS CS = — / C {&) A [ OAFabdAFcd - 

Cb 8g s J 24 6 

{^F^dAFcdd^Fab + d i F cm d k F nd d j diFab}]dx a A dx b A dx c A dx d (3.31) 

Let's compare this with the result that will come from W4 in the Seiberg-Witten 
limit, i.e. the 4-form 4-derivative correction to the Chern-Simon action in the Seiberg- 
Witten limit is: 

1 



m\sw = —[-e^e kl d l d k Fabd J diF C d + 20Q kl e mn 

192 

{F^dAFcddfiiFab + 2d i F cm d k F nd d ] diFab}]dx a A dx b A dx c A dx d (3.32) 



2 The Seiberg-Witten map is derived in Appendix A. 

3 The exact form of *2, *3, and* 2 within *2, is derived in Appendix B. 
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On inclusion of tension as well as the integration, we can very easily see that both 
the above equations are same. 

Interaction with 

The non-commutative and commutative Chern-Simon actions for a D9-brane that 
couples to a R-R potential are: 

S CS = LJ^C {4) A 2vra'Q- 1 A 2 7 ra'Q- 1 A 27taQ- 1 W(x, C)] * e lk - x 

S CS = — I C (4) A 2ixa (B + F) A 2na (B + F) A 2na (B + F) (3.33) 
6g s J 

In position space, the difference between the above two actions, to order 0(A 4 ), is : 
AS C 

(2W) 3 A8g s 

+36 9h (F ab , F cd , F eg , F hf ) + 6 9h d h (F ab , F cd , F ef , A g )}dx a A dx b A dx c A dx d A dx e A dx f 

(3.34) 



AS c ,s = 77; — ~7Tq = 73 — / C (4) A {(Fab, F cd , F ef ) - F ab F cd F ef - -6 gh (F ghl F ab , F cd , F e} ) 
[zira P 4oq, J Z 



Using the Seiberg-Witten map in the above equation and expressing all the terms in 
terms of commutative variables, we get: 

AS cs = -^- f C^A{(F ab , Fd, F e f) — F ab F cd F e f — 39 gh ((A g , d h F abl )F cdl F e f) 
4:6g s J 

+39 gh ((F ag , F bh ),F cd , F ef ) + ^ h (F gh , F ab , F cd , F ef ) + 39 gh (F ab , F cd , F eg , F hf ) 

+6 9h d h (F ab , F cd , F ef , A g )}dx a A dx b A dx c A dx d A dx e A dx f (3.35) 

Using eq. (|3.24|) , the corrections to the Chern-Simon action from (|3.23|) for this form 
of R-R potential is: 

FAWi + We (3.36) 

Since we have to match both the results in the Seiberg-Witten limit, implies we have 
to evaluate the above expression in the said limit, and it becomes: 

m\sw = -FA W A \ SW + ^{(F ab , F cd , F ef ) - F ab F cd F ef - 36 gh ((A g , 8 h F ab , )F cd , F ef ) 

+39 9h ((F ag , F bh ),F cd , F e f) + -6 gh (F gh , F ab , F cd , F e j) + 39 9h (F ab , F cd , F eg , F hf ) 

+6 gh d h (F ab , F cd , F ef , A g )}dx a A dx b A dx c A dx d A dx e A dx f (3.37) 

It's very straightforward to see that W^l sw from eq.( |3.24j ) in the Seiberg-Witten 
limit vanishes due to the symmetry property. Which implies that the above equation 
should vanish, and on substituting the expression for * 2 within *3 and *4 in the above 
equation^, we can easily confirm ourself that it vanishes in the said limit. 

4 These expressions are written in Appendix B. 
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Interaction with 
The actions are, 

S cs = ^Lj L,[^|c (2) A 27taQ- 1 A 27ra'Q- 1 A 2na Q~ l A 2wa Q~ l W(x,C)] * 
1 /" 

S cs = — C {2) A 2?ra'(5 + F) A 2-rra (B + F) A 27ra'(5 + F) A 2na (B + F) 

(3 

Using the Seiberg-Witten map, the difference between them, to order F 4 , becomes: 
AScs = AS °L = / C (2) Ai(FAFAFAF) — FAFAFAF} (3.39) 

(27TQ! ) 4 4!^ s J 

Using eq.( |3.23| ) the corrections to the Chern-Simon action is parametrized as: 

- f C {2) A {W 8 + F A W 6 + ]-W A A W 4 + \f A F A W 4 } (3.40) 

According to the conjecture we should match both results in the Seiberg-Witten limit, 
and it becomes: 



W 8 \sw = ^(FAFAF AF) - ^FAFAFAF -FAW 4 



sw 



-±FAFAW 4 \sw-lmAm\sw (3-41) 

Substituting the expression of W4 and Wq in the Seiberg-Witten limit into the above 
equation, results in, to order 0(A A ) : 

Qijaklamnnpq 

didkFabdmdpFcddjdnFefdidqFghdx" A ... A dx h (3.42) 



It is easy to check that the Ws of eq. (|3.24|) in the Seiberg-Witten limit reproduces 



the above result with the same coefficient. 

4 Conclusion 

We have demonstrated the conjecture that the derivative corrections to the com- 
mutative theory can be found from non-commutativity in the Seiberg-Witten limit. 
It's important to take this limit because in this limit all the corrections to the non- 
commutative action vanishes and left with the derivative corrections to the commu- 
tative theory. Also, to do the calculation at higher order in field strength we need 
to know the Seiberg-Witten map, i.e. the expression of in terms of Fy and Aj in 
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terms of Aj. 



Moreover, we shall explain the 4-form 4-derivative corrections to the Chern-Simon 
action at F 4 . Let's explain it in detail. The corrections to the Chern-Simon action 
at this order, from eq.( |3.24| ) is : 

QijQklQmnQpq 

[2Fi q F pn djd k F ab d m diF cd + Fj n Fi q d m d k F ab d p diF cd 

+4Fj q d n d k F cd diF ai d m F bp + Ad n F ai d p F b jd q F ck d m F d i 
+8F np d 1 d m F cd d i F bl d q F ak }dx a A ... A dx d (4.43) 

The corresponding term from non-commutativity is eq. (|3.29|) . Using the Seiberg- 
Witten map, we can rewrite that term at the order we are working, as follows: 

AS CS = ^- [ A6 e f6° h i-((d g d e F cd ,A h ,A f ),F ab ) 

-2((d g F cd ,d e A h .A f ),F ab ) - ((F cd ,d e A h , Pg A f ),F ab ) -A((F cg ,d e F dh ,A f ),F ab ) 
~2\{Fcd, Fhe, F g f), F ab ) + 2((F ge , F c f, F d h)F ab ) + 2(F ab , ((A e , dfA g ), dhF cd )) 

+(F abl ((d h A e ,d g A f ),F cd )) - (F ab , ((A e ,d g A f )F cd )) + 2(F ab , ((d h A e ,d f F cd ),A g )) 
+2(F ab , ((A e , d h d f F cd ),A g )) - A(F ab , ((d h F ce , F df )A g )) - A(F ab , ((A e , d f F dh ),F cg )) 
+A(F ab , ((F de , F h f),F cg )} + {{A e ,d f F ah ), (A g , d h F cd )) - 2((A e , d f F ah ), (F cg , F dh )) 
+ ((Fae, F b f), (F cg , F d h)) — A((A g , dhF ce ), F ab , Ff d ) + A((F cg , F e h), F ab , F cd ) 

—2((A e , dfF ab ),F cg , F hd ) + 2((F ae , F b f), F cg , F hd ) + -((F ge , F h f),F ab , F cd ) 

-2((A g , d h A e ),d f F ab , F cd ) - ((dfAg, d h A e ),F ab , F cd ) + ((Ag, d e A h ),d f F ab , F cd ) 

+^((d f Ag, d e A h ),F ab , F cd ) - 2((d h A e , d f F ab ),F cd , A g ) - 2((A e , d h d f F ab ), F cd , A g ) 

-2((A e , d f F ab ),d h F cd , A g ) + A((d h F ae , F bf ),F cd , A g ) + 2((F ae , F bf ),d h F cd , A g ) 

, F ce ,Ff g , Fh d ) + \F ae , Ff b , F cg , Fm) — -^(Ff g , Fh e , F ab , F cd ) 
+(d f d h F ab , F cd , A g , A e ) + (dfFah, 8 h F cd , A g , A e ) + 2(F ab , 8 f F cd , A g , d h A e ) 
+±<F* F cd , a,A„ a h A.) + 2{8,F*, F c „ F M , A,) + 4(F„ t , 8,F V F hd , A e)] 
dx a A ... A dx d (AAA) 

Substituting the expression of * n from Appendix B, we see as a first check that to 
quadratic in 6 the correction vanishes, which is in consistent with the result of ||. 
The term at 4-derivative to F A is: 

Qij QklQmnQpq 

— [^diF am d k F bn djF cp diF dq — AF pm diF cn d k F dq djdiF ab 

+8diF dq dj F cp F mi d k d n F ab — F qi F kn djdiF ab d m d p F cd + 2did p F cd F mq F kn djdiF ab 
^dAF^djdpA^dgF^dx 11 A ... A dx d (4.45) 
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We can see that to order 8 4 , the result of the calculation from non-commutativity 
matches with that of eq. (|4.43 ), i.e. we reproduced all the terms that appear in 



eq. (|4.43 ), but along with these terms, we have an extra term in eq.( |4.45 ), from non- 



commutativity, and this extra term vanishes due to symmetry arguments. 
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5 Appendix A 

In this section we shall derive the Seiberg-Witten map, namely, expressing i 7 ^- in 
terms of Fij and A^ in terms of A iy by solving the equation( |3.27| ) along with the 
expression of Ai in terms of Aj||. Moreover, it's easy to check that the expression of 
in terms of F^ is consistent with the form of A, in terms of Ai. Let's expand the 
eq. (|3.271) to order A 3 , and writing in position space, we get the field strength as: 



F ab = F ab + ^{dj{Ai, F ab ) + ^(F ab , fy) - (F ai , F bj )} 

+le ij 9 kl {d i d k (F ab , A h Aj) - 8^, F ab , A) + 2d k (F ai , F bj , At)} 

—6 lj 9 kl {-(F ai , F b j, F ki ) — -(F ab , Fki, F^) — -(F ab , Fj k , F a ) + (F ik , F ai , F b j)} + 0{A i ) 
Z o 4 

(5.46) 

The corresponding Seiberg-Witten map of the potential, to order 0(A 3 ) is: 
A b = A b + ^O ij (Ai, (djA b + F jb )) + ^6 ij kl [-{Ai, d k A b , (djAi + Fji)) + 

(dkdiAi, Aj, A t ) + 2{d k A h d b A v A t )} + 0{A 4 ) (5.47) 

On solving these two equations consistently, we get F ab in terms of F ab and A b in 
terms of A b , and they are: 

F a b = F ab — 6 [{Ac, d d F ab ) — {F ac , F bd )} 

J_e cd 6 e f[d c d e {Fabi A d , A f ) - d e (F cd , F ab , A f ) + 2d e (F ac , F bd , A f )] 
+6 cd 9 e f[-(F ac , F bd , F e f) — -{F ab , F cd , F e j) — -{F ab , F de , F c f) + {F ce , F a f, F bd )} 

2 o 4 

-6 cd e e f\-{{A e ,d } A c ),d d F ab ) - l -{(d d A e ,d c A f ),F ab ) + ±((A e ,d c A f ),d d F ab ) 

-{A c , (d d A e ,d f F ab )) - {A c , {A e ,d d d f F ab )) + {A c , (d d F ae ,F bf )) + {A c , (F ae ,d d F bf )) 
+ {F ac , {A e ,d f F bd )) - (F ac , {F be ,F df )) + ((A e ,d f F ac ),F bd ) - {{F ae , F cf ), F bd )} + 0(A 4 ) 

(5.48) 
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and 



A b = A b - e ij (A, djA b ) + ^e ij (A, o b A ) 

A e ^e kl [-2{A h d k A b , djAi) + (A, d k A b , diAj) + (d k d t A b , A 3 , A) + 2(d k A h d b A v A)] 
+e^6 kl [(A,d 1 (A k ,d l A b )) + ({A k , diAi),djA b ) - l -(A i ,d j (A k ,d b A l )) - cU,>, c^ 6 > 

— {AiAiAkAAj)) + ^(AAbiA^djAi)) - ^((A k , diAi),dbAj) 

^((A^diA^dbAj) - \{A, (d k A v diA b ))] + 0(A 4 ) (5.49) 

6 Appendix B 

In this appendix, we shall write down explicitly the form of * 2 , * 3 , and * 4 etc, and 
also their infinitesimal form. The form of * 2 is : 

(f>9)= Li } h92\i=2 (6.50) 

2 

Where di A <9 2 = duO^d^, and }\ = f(xi). It's infinitesimal form, up to 8-derivative 
is: 

QijQkl Q'ijQklQmnQpq 

(/, 9) = fg 7^-didkfdjdig + d ;i d k d m d v jdjd^nd q g - ... (6.51) 

The form of * 3 is: 

' 1 (ai+a 2 )A9 3 <9iA(<9 2 +d3) (<9i+<9 2 )Ad 3 <9 2 A(di+<9 3 ) SJW2i^ \y.o±) 
2 2 2 2 

The infinitesimal form of this, up to 8-derivative is: 

QijQkl 

fgh —{did k fdjdigh + did k fgdjdih + fdid k gdjdih} 

+^e M mn M {^(d i d k d m d p fd j d l d n d q gh + didkdmdp f gdjdldndqh 

+fd i d k d m d p gd j did n d q h) + -^(didkdmdpfdjdigdndqh + did k jd m d v gdjdid n d q h 

+d i d k fd j did n d q gd m d p h) + ■^(d i d k d p fd j d m d q gdid n h - did k dpfdjd m gd n did q h 
+d i d k fd j d m d p gdid n d q h)} . . . (6.53) 
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The expression of the * 4 is: 



\f,9,h,p) — ( dl+d2+d3 ) A Q^ { (9 1+ 9 2+ Q 4 )a9 3 (d^ds+dijAd^ 
2 2 2 

sin(^) sin ( (d l+ d 4 )A(d 2 +a 3 ) ^ ^ srin(Mi) 



(d 1 +d 2 +d 4 ,)Ad 3 (ai+9 4 )A(9 2 +a 3 ) ' (<9i+d 2 +c>3)Aat 

sin (8iM i ) s i n ( ^+^)A(9 2 +94) ) s i n ( ^+yA^ )sin( 9iA0 2 +^+a 4 ) ) 

I (9i+92+9 4 )A93 ( (9i+93)A(9 2 +94) j (9i+9 2 +8 4 )A9 3 9i A(<9 2 +G> 3 +aI) ' 

Sin(^) ^ s i n ( ^A(^ + 94) )sin( O 1+ 03+94)A9 2 ) 



(<9l+d 2 +G>3)AG> 4 V (d 1 +d 2 )A(d 3 +d 4 ) (dl+d 3 +d 4 )Ad2 

2 2 2 

+ (9 1+ 9 2 2 )A(93+94) frA(ft+ j+fr) ) A #2^4 1 1=2=3=4 (6.54) 

2 2 

The infinitesimal form of this, up to 8-derivative is: 

Qij Qkl 

fghp —{didkfdjdighp + did k fgdjdihp + did k fghdjdip + fdAgdjdihp 

Qij QklQvanQrs 

+fd i d k ghd j dip+ fgdid k hdjdip} H — — {didkdmdrfdjdidndsghp 

+d i d k d m d r fgd j d l d n d s hp + did k d m d r fghdjdid n d s p + fdid k d m d r gdjdid n d s hp 

Qij Qkl Qmn Qrs 

+fd i d k d m d r ghd j d l d n d s p + fgdid^drhdjdidndsp} + — 

57o 

{didkdmdrfdjdigdndsp + did k d m d r fdjdighd n d s p + didkfdjdidndsgdmdrhp 
+d i d k fd j d l d n d s ghd rn d r p + did k fdjdigd m d r hd n d s p + did k d m d r f gdjdihd n d s p 
+d i d k fd m d r gd j did n d s hp + did k fd m d r gdjdihd n d s p + d i d k fgd j did n d s hd m d r p 
+d i d k fd m d r gd n d s hd j dip + did k f d m d r ghdjdid n d s p + did k f gd m d r hdjdid n d s p 
+fd i d k d m d r gd j dihd n d s p + fd i d k gd j did n d s hd m d r p + fdid k gd m d r hdjdid n d s p} 

Qij Qkl Qmn Q 

~720 

+d i d k d m fgd j d l d r hd n d s p - did k d m fd n d r gdjdid s hp - did k d m fd n d r ghdjdid s p 
- di d k d m fgd n d r hdj <9 Z d s p + jd { d k d m gdj <9 Z d r hd n d s pd m d r fdid k d n gdj d t d s hp 
+d m d r fdid k d n ghdjdid s p - j did k d m gd n d r hdjdid s p + j d m d r gdid k d n hdjdid s p 

Qij Qkl Qmn Qrs 

+d m d r fgd i d k d n hd j d l d s p} + — {didkf d m d r gdjd n hdid a p 

-did k f djd m gd n d r hdid s p + did k fdjd m gdid r hd n d s p} (6.55) 

From now onwards, we shall write down only the infinitesimal form of * n within * m 
for n < m. The infinitesimal form of ((f,g), h),up to 4-derivative is: 

((f,g),h) = fgh - ^9 k ^d t d k f)(d 3 d ig )h+ (d t d k f) g (d^ 

14 



H ^ {did k d m fdjdid r gd n d s hp + did k d m fdjdid r ghd n d s p 



+2(d i f)(d k g)(d j d l h)} + ... (6.56) 
The infinitesimal form of ((/, g, h),Q), up to 4-derivative is: 

QijQkl 

fghQ —{didkfdjdighQ + did k fgdjdihQ + did k fghdjdiQ 

+fd i d k gd j d l hQ + fdid k ghdjdiQ + fgdid k hdjdiQ 

+2d i fd k ghd j diQ + 2d i fgd k hd J d l Q + 2fd i gd k hd j d l Q} (6.57) 
The infinitesimal form of (/, ((g, h),Q)), up to 4-derivative is: 

QijQkl 

fghQ ^-{didkfdjdighQ + didkfgdjdihQ + dAfghdjdiQ 

+fdid k gdjdihQ + fdid k ghdjdiQ + fgdid k hdjdiQ + 2d i d k fd j gd l hQ 
+2d l d k fd j ghd l Q + 2d i d k fgd 3 hd l Q + 2fd l gd k hd J d l Q} (6.58) 

The infinitesimal form of ((f,g), (h, Q)), up to 4-derivative is: 

QijQkl 

fghQ —{didkfdjdighQ + did k fgdjd { hQ + did k fghdjdiQ 

+fdid k gdjdihQ + fdid k ghdjdiQ + fgdid k hdjd t Q + 2did k f gdjhdiQ 
+2difd k gdjdihQ + 2difd k gdjhd t Q + 2difd k gdihdjQ + 2difd k ghdjd t Q 
+2fd l d k gd ] hd l Q} (6.59) 

The infinitesimal form of ((f,g), h,Q), up to 4-derivative is: 

QijQkl 

fghQ —{didkfdjdighQ + didkfgdjdihQ + didkfghdjdiQ 

+fdid k gdjd t hQ + fdid k ghdjd t Q + fgdid k hdjd t Q + 2difd k gdjdihQ 
+2d i fd k ghd J diQ} (6.60) 
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